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This paper deals with quantum field theory in curved space-time using the Thermo Field Dynamics. The
scalar field is coupled to the Schwarzschild space time and then thermalised. The Stefan-Boltzmann law is
established at finite temperature and the entropy of the field is calculated. Then the Casimir energy and
pressure are obtained at zero and finite temperature.
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I. INTRODUCTION
Quantum Field Theory (QFT) has been a very successful theory in physics [1]. Together with
general relativity it constitutes a great pillar of modern physics. Nevertheless there is no widely
recognized theory that unifies a diverse areas of physics even though there are numerous attempts
to establish a quantum theory of gravitation [2–4]. There are attempts to unify through a Quantum
Field Theory in curved space-time. This strand has been widely investigated in understanding the
fundamental characteristics of black holes. Particuarly the no-hair theorem applied to the Kerr
black hole has been considered [5] in which a scalar field was coupled to the black hole physics and
the field equations is solved by using numerical technique.
On the other hand QFT in curved space leads to the well known Hawking effect, that is, the
gravitational field creates particles near the event horizon of a black hole, which in turn emits a
spectrum of thermal radiation. This effect is not experimentally verified but systems analogous to
black holes in condensed matter reveal that this effect may be real [6]. It is important to note that
the thermalisation of a field in a curved space-time is not unique, but its importance is fundamental
from the point of view of physical reality and everything happens at finite temperature. There are
different ways to introduce temperature under such conditions. The most widespread form for this
purpose is to associate time with temperature by a Wick rotation [7]. However this procedure has
an undesirable characteristic under certain conditions, the information about the field dynamics,
that is due to the temporal coordinate is lost. However in this article, a different approach is
based on Thermo Field Dynamics (TFD), temperature is introduced by doubling the Fock space
[8–12]. The main advantage of TFD is that the duplicate space topology allows a study of the
Stefan-Boltzmann law and the Casimir effect. Both effects are manifestations of the invariance of
Bogoliubov transformation in the Fock space. The Casimir effect is well known in the literature
[13], as well as its interaction with the scalar field [14], even at finite temperature [15]. On the other
hand, the investigation of this physical system in different geometries different from the flat space
has revealed that Casimir force plays an important role [16]. Over the years TFD has been applied
in various fields such as the scalar field and Dirac field to calculate both Stefan-Boltzmann law and
Casimir effect at finite temperature [17–20]. In this sense, we propose to advance the investigation
of TFD in curved spaces. Schwarzschild space-time is chosen for this purpose fundamentally for two
reasons. The first is of an experimental nature, that is, given the advance of experimental techniques
in recent years, it is hoped that some measure of the Casimir effect in Schwarschild space can be
verified soon, for instance in the vicinity of the Sun. The second reason is that gravitational
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thermodynamics was initially developed in such a curved space. Thus, from a theoretical point of
view, we hope that thermalization by TFD will lead to an understanding of the entropy of this
space, different from that normally accepted.
This article is divided as follows. In section II, the scalar field is described in a curved space.
The energy-momentum tensor is considered in Schwarzschild space-time. In section III, TFD for-
malism is introduced. And the generalized Bogoliubov transformation is defined. In section IV,
Stefan-Boltzmann law in Schwarzschild space-time is defined and the entropy of the scalar field is
calculated. In section V, the Casimir effect at zero temperature in the curved space is established.
In section VI, the Casimir effect in Schwarzschild space is calculated at finite temperature. Finally
section VII, some brief conclusions are presented.
II. GRAVITY COUPLED TO A SCALAR FIELD
The action of the mass zero scalar field in curved background is given by
S =
1
2
∫
d4x
√−g (gµν∂µφ(x)∂νφ(x)− ξRφ(x)2) , (1)
where g is the metric determinant and ξ is the coupling parameter for the scalar curvature, R.
Then the field equation in curved space-time is
(∂µ∂
µ + ξR)φ(x) = 0. (2)
The energy-momentum tensor, which is defined as
Tγρ = − 2√−g
δS
δgγρ
, (3)
for a scalar field that leads to
Tγρ =
1
2
gγρ∂
µφ(x)∂µφ(x) − ∂γφ(x)∂ρφ(x) + ξ
(
Rγρ − 1
2
gγρR+ gγρ− ∂γ∂ρ
)
φ(x)2. (4)
Now the energy-momentum tensor is used to calculate the Stefan-Boltzmann law and the Casimir
effect at finite temperature. In order to avoid divergences, the energy-momentum tensor is written
at different space-time points leading to
Tγρ(x) = lim
x′→x
τ
[
1
2
gγρ∂
µφ(x)∂µφ(x
′)− ∂γφ(x)∂βφ(x′)
+ ξ
(
Rγρ − 1
2
gγρR+ gγρ− ∂γ∂ρ
)
φ(x)φ(x′)
]
, (5)
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where τ is the time ordering operator.
Considering the canonical quantization, the commutation relation is
[φ(x), ∂′µφ(x′)] = inµ0δ(~x − ~x′), (6)
where nµ0 = (1, 0, 0, 0) is a time-like vector and
∂ρθ(x0 − x′0) = nρ0 δ(x0 − x′0), (7)
where θ(x0 − x′0) is the step function. The energy-momentum tensor becomes
Tγρ(x) = lim
x′→x
{
Γγρτ
[
φ(x)φ(x′)
]− Iγρδ(x− x′)}, (8)
with
Γγρ =
1
2
gγρ∂
µ∂µ − ∂γ∂ρ + ξ
(
Rγρ − 1
2
gγρR+ gγρ− ∂γ∂ρ
)
(9)
and
Iγρ = − i
2
gγρn
µ
0 n0µ + in0γn0ρ. (10)
In order to calculate the Stefan-Boltzmann law and the Casimir effect associated with the scalar field
in the curved space-time, the average momentum of the energy-momentum tensor is determined.
Then
〈Tγρ(x)〉 = lim
x′→x
{
iΓγρG0(x− x′)− Iγρδ(x − x′)
}
, (11)
where
iG0(x− x′) =
〈
0
∣∣τ [φ(x)φ(x′)]∣∣ 0〉 , (12)
is the scalar field propagator.
A. The Schwarzschild metric
The Schwarzschild metric as a cosmological background is considered. This metric provides the
solution to the Einstein field equations that describe the gravitational field outside a spherical mass.
In spherical coordinates {t, r, θ, φ} this solution is given by
ds2 =
(
1− 2M
r
)
dt2 −
(
1− 2M
r
)−1
dr2 + r2dΩ2, (13)
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where M is mass of the black hole and
dΩ2 = dθ2 + sin2 θdφ2. (14)
Since the interest is in the solution outside a spherical body (the black hole) the Einstein equation
in vacuum is given as
Rγρ = 0. (15)
Using this equation in vacuum, the quantity Γγρ defined in eq. (9) becomes
Γγρ =
1
2
gγρ∂
µ∂µ − ∂γ∂ρ + ξ (gγρ− ∂γ∂ρ) . (16)
In order to obtain the Stefan-Boltzmann law and the Casimir effect for the scalar field coupled
to gravity, in a context where the Schwarzschild space-time is the geometric background, two
components of eq. (16) are used
Γ00 = −1
2
∂0∂
′
0 −
(
1
2
+ ξ
)(
1− 2M
r
)[(
1− 2M
r
)
∂1∂
′
1 +
1
r2
∂2∂
′
2 +
1
r2 sin2 θ
∂3∂
′
3
]
(17)
and
Γ11 = −1
2
∂1∂
′
1 +
(
1
2
+ ξ
)(
1− 2M
r
)−1 [
−
(
1− 2M
r
)−1
∂0∂
′
0 +
1
r2
∂2∂
′
2 +
1
r2 sin2 θ
∂3∂
′
3
]
.(18)
Another ingredient that will be considered in this cosmological background is the temperature.
Finite temperature is introduced in order to consider the cosmological background using the TFD
formalism.
III. THERMO FIELD DYNAMICS (TFD) FORMALISM
Thermal quantum field theory with a thermal vacuum, |0(β)〉, is considered, with β = 1
kBT
where T is the temperature and kB is the Boltzmann constant. The main objective is to interpret
the statistical average of an arbitrary operator O, as the expectation value in a thermal vacuum,
i.e., 〈O〉 = 〈0(β)|O|0(β)〉. This interpretation leads to two fundamental conditions: (i) the Hilbert
space S is doubled and (ii) the Bogoliubov transformation is used. The doubled space consists
of a thermal space that is defined as ST = S ⊗ S˜, where S˜ is the dual (tilde) Hilbert space. The
Bogoliubov transformation introduces temperature effects through a rotation between tilde (S˜) and
non-tilde (S) operators.
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For arbitrary operators O and O˜ in Hilbert space S and tilde space S˜ respectively, the Bogoliubov
transformation is given as 
 O(k, α)
ηO˜†(k, α)

 = B(α)

 O(k)
ηO˜†(k)

 , (19)
where k is the 4-momentum and η = −1(+1) for bosons (fermions) and B(α) is defined as
B(α) =

 u(α) −v(α)
ηv(α) u(α)

 , (20)
with u2(α)+ηv2(α) = 1. The α parameter is assumed to be the compactification parameter defined
by α = (α0, α1, · · ·αD−1), with D being the space-time dimension. The effect of temperature is
described by the choice α0 ≡ β and α1, · · ·αD−1 = 0. In general, α may be associated with any
physical quantity. The functions u(α) and v(α), are related to the Bose distribution, and are given
as
v2(α) = (eαωk − 1)−1, u2(α) = 1 + v2(α), (21)
with ωk = k0 being the energy.
The TFD formalism is used to introduce the compactification parameter α in the propagator of
the theory. Here the scalar field is considered as an example. The propagator of the scalar field is
written as
G
(AB)
0 (x− x′;α) = i〈0(α)|τ [φA(x)φB(x′)]|0(α)〉,
= i
∫
d4k
(2π)4
e−ik(x−x
′)G
(AB)
0 (k;α), (22)
where A,B = 1, 2 represent the doubled space. Then
G
(AB)
0 (k;α) = B−1(α)G(AB)0 (k)B(α), (23)
with
G
(AB)
0 (k) =

 G0(k) 0
0 ηG∗0(k)

 , (24)
and
G0(k) =
1
k2 + iǫ
, (25)
being the usual massless scalar field propagator. G∗0(k) is the conjugate complex of G0(k).
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Then the Green function (the physical component is given for A = B = 1) is
G
(11)
0 (k;α) = G0(k) + η v
2(k;α)[G∗0(k)−G0(k)], (26)
where v2(k;α) is the generalized Bogoliubov transformation [21] which is given as
v2(k;α) =
d∑
s=1
∑
{σs}
2s−1
∞∑
lσ1 ,...,lσs=1
(−η)s+
∑s
r=1 lσr exp

− s∑
j=1
ασj lσjk
σj

 , (27)
with d being the number of compactified dimensions, η = 1(−1) for fermions (bosons), {σs} denotes
the set of all combinations with s elements.
In the next section, the TFD formalism is used to calculate the Stefan-Boltzmann law and
the Casimir effect at temperature T for a mass zero scalar field coupled to gravity in a geometric
background described by the Schwarzschild spacetime.
In order to calculate these quantities for the scalar field coupled to gravitational field, a field
theory on the topology ΓdD = (S
1)d × RD−d with 1 ≤ d ≤ D is considered. Here d is the number
of compactified dimensions. This establishes a formalism such that any set of dimensions of the
manifold RD are compactified, where the circumference of the nth S1 is specified by αn.
IV. STEFAN-BOLTZMANN LAW IN THE SCHWARZSCHILD SPACETIME
In order to calculate the Stefan-Boltzmann law a physical (renormalized) energy-momentum
tensor is calculated. Using the Casimir prescription, the finite energy-momentum tensor has the
form
Tγρ(x;α) =
〈
T (AB)γρ (x;α)
〉
−
〈
T (AB)γρ (x)
〉
, (28)
where the duplicate notation of TFD formalism is used with one component dependant on constant
(α). Then
Tγρ(x;α) = lim
x′→x
{
iΓγρG
(AB)
0 (x− x′;α)
}
, (29)
where
G
(AB)
0 (x− x′;α) = G(AB)0 (x− x′;α) −G(AB)0 (x− x′), (30)
and constant Γγρ is given in eq.(9).
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In order to calculate the Stefan-Boltzmann law in the Schwarzschild spacetime, the topology
Γ14 = S
1 × R3, with α = (β, 0, 0, 0) is used. Using the generalized Bogoliubov transformation
v2(β) =
∞∑
l0=1
e−βk
0l0 , (31)
the Green function becomes
G0(x− x′;β) = 2
∞∑
l0=1
G0(x− x′ − iβl0n0), (32)
where n0 = (1, 0, 0, 0) and G0(x − x′;β) ≡ G(11)0 (x− x′;β), that is the physical component. Then
the energy-momentum tensor is
T (11)γρ (x;β) = 2i lim
x′→x
{
Γγρ
∞∑
l0=1
G0(x− x′ − iβl0n0)
}
. (33)
The energy associated with the scalar field coupled to gravity in a Schwarzschild background is
obtained by choosing γ = ρ = 0. Then
T (11)00 (x;β) = 2i lim
x′→x
{
Γ00
∞∑
l0=1
G0(x− x′ − iβl0n0)
}
, (34)
where Γ00 is given in eq. (17) and
G0(x− x′ − iβl0n0) = − i
(2π)2
1
(x− x′ − iβl0n0)2 , (35)
with
(x− x′ − iβl0n0)2 = −
(
1− 2M
r
)
(t− t′ − iβl0)2 +
(
1− 2M
r
)−1
(r − r′)2
+ r2(θ − θ′)2 + r2 sin2 θ(φ− φ′)2. (36)
Using these results, the 00-component of the energy-momentum tensor at finite temperature
becomes
T (11)00 (T ) =
π2(1 + ξ)r
30(r − 2M)T
4, (37)
where T (11)00 (T ) ≡ E(T ) and the Riemann Zeta function,
ζ(4) =
∞∑
l0=1
1
l40
=
π4
90
, (38)
is used. The eq. (37) is the Stefan-Boltzmann law for the black hole. In the limit r >> 2M , the
Stefan-Boltzmann law becomes
T (11)00 (T ) =
π2(1 + ξ)
30
T 4. (39)
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The Stefan-Boltzmann law for the massless scalar field in a flat spacetime is given by T (11)00 (T ), i.e.,
eq. (39). Then in this limit, the gravitational effect due to the black hole is ignored.
With the pressure given as P = E3 , and the Maxwell relationship given by(
∂P
∂T
)
V
=
(
∂S
∂V
)
T
, (40)
where S is the entropy leads to (
∂S
∂V
)
T
=
4π2(1 + ξ)r
90(r − 2M)T
3. (41)
Then the entropy associated with the scalar field coupled to gravity in a Schwarzschild spacetime
is given as
S =
4π2(1 + ξ)
90
T 3
∫
r
(r − 2M)r
2 sin θdrdθdφ. (42)
Performing an integration, the gravitational entropy becomes
S =
64M3π3(1 + ξ)
45
T 3
[
− ln
∣∣∣∣ 2M2M − r
∣∣∣∣+ R2M + R
2
8M2
]
, (43)
where R is the radius of the integration hypersurface. It is important to note that this expression
has two noteworthy regions of singularity. The first is the black hole event horizon, r = 2M . This
singularity is not of concern because it stems from the choice of the coordinate system. In addition
the causal region is outside the event horizon. The singularity in the r → ∞ region arises from
integration over the whole spacetime. It should be noted, however, that the entropy density remains
finite even in the limit of a flat spacetime. Thus its integration with infinite space will also lead
to a divergence. It is worth noting that an entropy expression is linked to both macroscopic and
microscopic components. But in the case of gravitational interaction we have no information on
the latter. Thus the spacetime entropy divergence is an expected result as it would arise from, a
priori, an infinite ensemble.
V. CASIMIR EFFECT AT ZERO TEMPERATURE
In order to calculate the Casimir effect at zero temperature, a theory with topology Γ14 = S
1×R3
is considered. Choosing the α parameter as α = (0, 0, 0, i2b), where 2b corresponds to the length of
the circumference S1. Here the Bogoliubov transformation is
v2(b) =
∞∑
l3=1
e−i2bk
3l3 (44)
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and the Green function is
G0(x− x′; b) = 2
∞∑
l3=1
G0(x− x′ − 2bl3n3) (45)
with n3 = (0, 0, 0, 1). The Casimir energy is calculated for the case γ = ρ = 0. Then the energy-
momentum tensor becomes
T (11)00 (x; b) = 2i lim
x′→x
{
Γ00
∞∑
l3=1
G0(x− x′ − 2bl3z)
}
. (46)
Using eq. (17) the Casimir energy (Ec ≡ T (11)00 (x; b)) at zero temperature associated to the massless
scalar fiedl coupled to gravity in a Schwarzschild spacetime is
Ec =
(r − 2M)2
1440π2r4b4
[
π4(1 + ξ)r(2M − r)− 180bM(1 + 2ξ)ζ(3)] , (47)
where ζ(3) is the Riemann Zeta function. Far from the event horizon, i.e. r >> 2M , the Casimir
energy has the form
Ec = −π
2(1 + ξ)
1440b4
. (48)
This is the result found for the case of the flat spacetime, where the gravitational effects due to
black hole are ignored.
Similarly the Casimir pressure is calculated by taking γ = ρ = 1. Then the energy-momentum
tensor becomes
T (11)11 (x; b) = 2i lim
x′→x
{
Γ11
∞∑
l3=1
G0(x− x′ − 2bl3z)
}
. (49)
Using eq. (18) the Casimir pressure (Pc ≡ T (11)11 (x; b)) at zero temperature is
Pc = −60bMζ(3) − π
4(1 + ξ)r(2M − r)
480π2r2b4
. (50)
In the limit r >> 2M the Casimir pressure is
Pc = −π
2(1 + ξ)
480b4
. (51)
It is a well-known result in flat spacetime. These results indicate that the gravitational force due
to the black hole changes the Casimir energy and pressure for a scalar field at zero temperature.
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VI. CASIMIR EFFECT AT FINITE TEMPERATURE
With the topology Γ24 = S
1×S1×R2 for α = (β, 0, 0, i2b), the Casimir effect at finite temperature
is calculated. Then the Bogoliubov transformation becomes
v2(β, b) =
∞∑
l0=1
e−βk
0l0 +
∞∑
l3=1
e−i2bk
3l3 + 2
∞∑
l0,l3=1
e−βk
0l0−i2bk3l3 , (52)
where the first two terms are associated with the Stefan-Boltzmann law and the Casimir effect
at zero temperature and the third term provides the combined effect of temperature and spatial
compactification. Indeed, in this case, two compactifications, the time and the other along the
z-coordinate are explored. Then the Green function is
G0(x− x′;β, b) = 4
∞∑
l0,l3=1
G0
(
x− x′ − iβl0n0 − 2bl3n3
)
. (53)
Using the Green function the energy-momentum becomes
T (11)γρ (β, b) = 4i lim
x′→x
{
Γγρ
∞∑
l0=1
G0(x− x′ − iβl0n0 − 2bl3n3)
}
. (54)
This leads to the Casimir energy at finite temperature as
T (11)00 (β, b) = −
2(2M − r)
π2r2
∞∑
l0,l3=1
1
[(2bl3)2(2M + r)− (βl0)2(2M − r)]3
×
[
8(bl3)
3M(1 + 2ξ)(4M2 − r2)− (2bl3)2r(2M + r)
(
(1 + ξ)r2
− 6M2(1 + 2ξ))−2(βl0)2bM(1 + 2ξ)l3(2M − r)(2M + 3r)
+ (βl0)
2r(2M − r) (M2(2 + 4ξ)− 2(1 + ξ)r2) ]. (55)
The Casimir pressure at finite temperature is
T (11)11 (β, b) =
2
π2(2M − r)
∞∑
l0,l3=1
1
[(2bl3)2(2M + r)− (βl0)2(2M − r)]3
×
[
8(l0l3)
3M(r2 − 4M2) + 3(2bl3)2r(2M + r)
(
(1 + ξ)r2
− 2M2)+2(βl0)2bMl3(2M − r)(2M + 3r)
− (βl0)2r(2M − r)
(
2M2 − (1 + ξ)r2) ]. (56)
Overall the Casimir effect at finite temperature for the scalar field is modified by the gravitational
force, due to the presence of the black hole, and finite temperature.
In the limit r >> 2M the Casimir energy and pressure at finite temperature become
T (11)00 (β, b) = −
2
π2
∞∑
l0,l3=1
(1 + ξ)[2(βl0)
2 − (2bl3)2]
[(2bl3)2 + (βl0)2]3
(57)
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and
T (11)11 (β, b) = −
2
π2
∞∑
l0,l3=1
(1 + ξ)[(βl0)
2 − 3(2bl3)2]
[(2bl3)2 + (βl0)2]3
. (58)
These results represent the Casimir energy and pressure in a flat space-time, if the gravitational
effect at finite temperature due to the black hole is ignored.
VII. CONCLUSIONS
The Stefan-Boltzmann law is obtained by coupling a scalar field to the Schwarzschild space-time.
The thermalization of the scalar field is obtained by using TFD. Using the temperature dependent
energy, it is possible to calculate the first law of thermodynamics. The entropy should not be
confused with Hawking entropy of Schwarzschild black hole since the first is obtained using the
quantum field theory in curved space-time while the second is a geometric property of the black
hole. This implies that calculated entropy refers to a property of the scalar field and is dependent
on the integration surface. Here the energy and the pressure of the Casimir effect generated by
the scalar field in the curved space-time and finite temperature are presented. It is important to
note that the Casimir entropy at finite temperature does exist even though the integration over a
spherical hypersurface is quite intricate. It is possible that the entropy leads to no remnant since
the energy limit for T → 0 is null.
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